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A New Look at Confidence Intervals in Survey Sampling

V.P. GODAMBE!

ABSTRACT

In survey sampling, as in other areas of statistics conventionally, confidence intervals for a parameter are
often obtained by inverting the distribution of some approximate pivotal quantity, {(estimate — parameter)/
(estimated variance)ll %}. Alternatively, estimating function theory suggests a more direct method of
constructing pivotal quantity and hence confidence intervals. These alternative confidence intervals
perform much better than the conventional ones, in many simulation studies.
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RESUME

En échantillonnage d’enquéte, tout comme c’est habituellement le cas dans d’autres domaines de la
statistique, les intervalles de confiance pour un parametre sont souvent construits en inversant la distri-
bution d’une quantité pivotale approximative, {(valeur estimée-parametre)/(variance estimée)l/ %}, La
théorie des fonctions d’estimation suggére une méthode alternative, plus directe, pour construire la
quantité pivotale et, par conséquent, les intervalles de confiance. Ces nouveaux intervalles de confiance
se comportent beaucoup mieux que les intervalles traditioniels, dzns plusieurs études basées sur des

simulations.

MOTS-CLES:
d’enquéte.
1. HISTORICAL INTRODUCTION

The topic of confidence intervals was first dis-
cussed in Neyman'’s (1934) well-known paper read
before the Royal Statistical Society. The paper was
on survey sampling. Yet the discussion is nowhere
near actual construction of confidence intervals for
a survey sampling setup. This possibly could be due
to the fact that at the time the distinction between
the parameters of a survey population on one hand
and a hypothetical population on the other was far
from clearly understood, (Deming, 1950, Godambe,
1976; 1997, Smith, 1997). From hindsight, one can
say that Neyman'’s discussion of confidence intervals
referred above relates primarily to the parameters
of a hypothetical population. A subsequent pub-
lication of Neyman (1937) explicitly demonstrates
how confidence intervals could be obtained from a
pivotal quantity: a function of observations and the
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parameter of interest having a fixed (known) distri-
bution. The availability of such ‘pivotals’ for some
hypothetical populations (characterized completely
by a few scalar parameters) can be easily demon-
strated. On the other hand to characterize a survey
population of size N one needs a parameter of V-
dimensions, (Basu, 1957, Héjek,1959). Under the
condition, in general no pivotal, that is a function of

observations and the parameter of interest, having
a fixed distribution can exist, barring trivial cases.

The section VI of Neyman's 1934 paper is en-
titled Appendix. In addition to other things, the
Appendix contains Note I, dealing with confidence
intervals followed by Note II. “The Markoff Method
and Markoff Theorem on Least Squares’. The ‘The-
orem’ mentioned here using modern terminology,
is the Gauss-Markoff theorem on unbiased mini-
mum variance estimation. Now suppose the unbi-
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ased minimum variance estimate is approximately
normally distributed. Then the inversion of the dis-
tribution of the approximate pivotal (}uantity
{(estimate — parameter)/ (variance)'/?} would pro-
vide shortest confidence intervals; that is, assuming
the variance is known. This however is of no avail,
for the ‘variance’ just mentioned is never known
in a survey sampling setup. Common practice, as
seen from the publications, (cf. Chaudhuri and Vos,
1988), on the subject, is to substitute an ‘estimate’
for the unknown variance. Here the basic question,
generally not discussed in the literature is, which of
the ‘many estimates’ of the variance would provide a
pivot (or approximately so) leading to a set of plau-
sible confidence intervals? This problem for a hypo-
thetical population with an underlying parametric
model, is resolved, utilizing the concept of observed
Fisher information (Efron and Hinkley, 1978). A
generalization of the observed Fisher information,
for a semiparametric model, provided by the theory
of optimal estimating functions, (Godambe 1985,
Godambe and Thompson 1986) suggests a more
direct approach to ‘confidence intervals’ within the
context of survey sampling.

Following the just suggested ‘direct approach’,
confidence intervals are constructed, for different
sampling designs and under different superpopu-
lation assumptions in Sections 2, 3 and 5. These
confidence intervals are compared with the conven-
tional ones, based on approximate pivotal,
{(estimate — parameter)/ (estimated variance)/?},
with extensive simulation experiments, in Section
6. The results seem to be definitely in favour of the
former confidence intervals, (see Section 7).

So far the topic of ‘confidence intervals in sur-
vey sampling’ was dealt with within the framework
of ‘estimating functions’ only by a couple of au-
thors. Historically, Woodruff (1952), presented an
earliest demonstration of confidence intervals for
‘position measures’ of a survey population, utiliz-
ing informally estimating functions. This has been
commented on in detail by Godambe, (1991). The
second author is Binder (1994). The author, in an
earlier publication (Binder, 1983) also makes infor-
mal use of estimating functions for complex sur-
veys. There, however, the confidence intervals pre-
sented are more of conventional type. Now, both
the papers, Binder (1994) and the present paper,
are based on the theory of estimating functions. Yet

the basic difference between the two is this: Unlike
the former, the latter, in an essential manner is tied
to the optimality criterion of estimating functions.
This ‘optimality’ criterion relates the present sur-
vey populations to a semiparametric superpopula-
tion model, albeit very flexibly. This ‘relationship’,
as the present paper demonstrates, provides a guid-
ance, (more specific than one provided by the intu-
ition) as to which estimating function and the im-
plied confidence intervals, are to be used for a given
problem. Barring this reference to a superpopula-
tion model, the confidence intervals, presented in
this paper are design-based. Again, both papers,
Binder (1994) and the present one (Section 5) dis-
cuss the important case of ‘nuisance parameters’.
However the problems treated in the two papers
are different and there is no overlap in the results.

2. STRATIFIED SIMPLE RANDOM
SAMPLING

Here to construct confidence intervals we fol-
low the usual notation. The labelled population
of N individuals (units) is denoted by P = {i :
i=1,...,N}. The population P is divided into k
nonoverlapping strata P; of sizes N;,j = 1,...,k.
A variate of study defined for the population P is
y, assumed to be scalar for simplicity. For the in-
dividual i, y = y;,7 = 1,...,N. The population
vector ¥y = (y1,...,yn). To obtain an estimate
for the population mean ¥ = Z{V yi/N a sample
s, (s C P) of size n, |s| = n is drawn from P, with a
stratified simple random sampling without replace-
ment design. The samples from different strata P;
are denoted by sj,|s;l =nj,7=1,...,k 2 n; =n.
Further YJ and g; denote the stratum P; and sam-

ple s; means of y respectively, j = 1,...,k. Thus
— k —
Y=Y N;Y;/N . (1)
j=1

Analogously we define

k
g=> N;gi/N . (2)
=1

If the components of the population vector y =
(v1,--.,yn) are assumed to have been drawn inde-
pendently from superpopulations with a common
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mean £(y;) = 6,7 = 1,..., N but possibly differ-
ent variances £(y; — 60)%,i = 1,..., N an (approxi-
mately) optimal estimating function for estimating
the population mean Y in (1) is given by

k
Z W ﬁ_ D (wi— (3)
i=1

7 ies;

(Godambe and Thompson, 1986; Godambe, 1995).
Thus the optimal estimate of Y is given by 7, the so-
lution of the equation g = 0. We will call the super-
population models defined only by a first few mo-
ments, as the model just mentioned namely £(y;) =
8,1 = 1,..., N, semiparamelric in contrast to the
fully parametric models specified by the density func-
tions.

The ‘optimum estimating function’ for a semi-
parametric model has many statistically important
properties in common with the ‘score function’ for
a parametric model. Hence in the former situa-
tion the ‘optimum estimating function’ is called a
quasi-score function. (Godambe, 1985; Godambe
and Heyde, 1987; Godambe and Thompson, 1989).
For a parametric model, one can construct ‘confi-
dence intervals’ using Fisher information, (defined
as the variance of the score-function) or its natural
estimate the observed Fisher information. Similarly
in case of a semi-parametric model the confidence
intervals can be obtained from the quasi-score func-
tion that is the optimum estimating function and
its estimated variance. Now though this ‘optimal-
ity’ is tied to the superpopulation model £(y:) = 6,
the ‘properties’ of the confidence intervals given be-
low are mostly if not entirely ‘design-based’. The
design-based variance of the optimum estimating
function g in (3) is given by

£ N? 1 1 I
V(g)=ZN2 <-_I_\I-> N, _12(34‘—}/1) -
i=1 7 ieP;
@
Further since our parameter of interest is Y, in (4),
the unobserved y;’s and the stratum means }_’J are
nuisance parameters. The superpopulation model
underlying the estimating function ¢ in (3) namely
E(yi) = 6,1 = 1,..., N, suggests for large strata
sizes Nj, ignoring the differences Y Y, and re-
placing Y for ¥;,j =1,...,k in (4).
(Note 1. The models, for which the differences

Y;— Y cannot be ignored, are treated in Section 5.)

With this replacement, the estimate of variance V' (g)
in (4) is given by,

) = SN (L 1) N
V(g) o JZIF(TL NJ) (Nj—-l)
_Z )7)2

: {z ()

E(:lh ?j)2}+R (5)
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where §; is the mean of the sample sj,j = 1,...,k
as in (2). In the right hand side of equation (5) the
first term is of the 0(1/n;) while second term R is of
0(1/ n?) Hence for large samples ignoring the term

R, V in (5) reduces to the conventional estimate
say Vo. This leads to the conventional confidence
intervals for ¥ based on the inversion of the dis-
tribution {g/ (Vo)V 2}. However when sample sizes
nj,7 = 1,...,k are not very large the estimating
function theory suggests confidence intervals of Y,
based on the asymptotic distribution of {g/(V)¥/2},
namely N{(0, 1):

In case of a simple random sampling from N (u, o?
population the superiority of the corresponding con-
fidence intervals based on the normal approxima-
tion to the distribution of {g/(V)/2} to those based
on the normal approximation to the distribution of
{g/(Vo)Y/?} is indicated by the analysis of Mach
(1988). For a stratified simple random sampling de-
sign, let in (3) the estimating function g be written

as
g= zgt » (6)
1€8
where as before s denotes the sample (of individuals
drawn from all strata). Then, for large n; and Nj,
ignoring the finite sample correction (1/Nj), and
replacing (nj —1) by n;,7 =1,...,k in (5), we have

V(g) =~ Valg) = D_9i - (7)

1€8
Now it is easy to see that in view of simple ran-
dom sampling from each stratum (again for rea-
sonably large n; and Nj,7 = 1,...,k) the sam-
pling distribution and the superpopulation distri-
bution of the quantity {g/(Va)/?} would tend to
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be the same namely N(0,1). We have already iden-
tified the optimum estimating function g with the
quasi-score function. Further just as for a para-
metric model the inversion of the distribution of
{score function/(observed Fisher information)!/?}
provides asymptotically the shortest confidence in-
tervals, for the semi-parametric model {g/(Vy)'/?}
provides asymptotically shortest confidence inter-
vals, (Wilks, 1938; Godambe and Heyde, 1987).

The above analysis can be easily extended to
include a covariate. Suppose for the population
P ={i:i=1,...,N} in addition to the variate
y under study is defined a covariate z, again for
simplicity assumed to be a scaler like y. For the in-
dividual ¢, z = z; is known, i = 1,..., N. Now the
superpopulation model £(y; — ) = 0, underlying
the forgoing discussion is extended to £(y; — 0z;) =
0,7 = 1,...,N. Along the lines of (1) and (2) we
define

X

I
M?r-

N;X;/N (8)
1

<,
Il

and

e

T =

N;z;/N (9)

<
Il
Yt

where )_(j and Z; are stratum P; and sample s;
means of x respectively. The optimal estimating
function g in (3) is now replaced by

kN 1 g
Q=Z—NJ";Z(%—?$£> .

ij=1 7 i€s;

(10)

As before the solution of the equation ¢ = 0, pro-
vides the optimal (or approximately so), estimate
for Y. Again the superpopulation model £(y; —
fz;) = 0,i=1,..., N, for large strata sizes N; sug-
Y
~ X
}7]- - %)—(j,j =1,...,k. This leads to the following
estimate of variance of g in (10):

iN]? 11
N2 nj Nj

i=1

~ 2
N; 1 Y
W T 2 (y" ) 7“) Y

IESJ'

gests, taking %L = = and ignoring the differences
7

V(g)

_ (N_oteh.?._ The models, for which the differences
Y; — (Y /X)X, cannot be ignored are treated in Sec-
tion 5.)

The equation (11) reduces to (5) if z; = constant,i =
1,...,N. Again the confidence intervals for Y, ac-
cording to the estimating function theory, can be
obtained by inversion of the sampling distribution
of the (approximate) pivot g/{V(g)}'/2; the distri-
bution asymptotically is N(0, 1). :

3. STRATIFIED CLUSTER SAMPLING

In this section we assume the whole population
of individuals (units) is divided as before into a
number of nonoverlapping strata. But now in ad-
dition, each stratum is divided into a number of
nonoverlapping clusters of individuals. The first
stage sampling consists of drawing from each stra-
tum a small number of clusters with simple random
sampling. Next, from each selected cluster a sample
of (ultimate) individuals is drawn possibly with a

‘multistage ‘sampling design’. This sampling design

is ‘specific’ to the ‘cluster’ and does not depend on
what other clusters have been selected at the first
stage of selection.

To accommodate the above situation in our frame-
work we use the following extention of the previous
notation. As before 7 denotes the ‘individual’. A
‘cluster’ is denoted by c; that is iec. The elements
of strata Pj,j7 = 1,...,k are now clusters c; the
stratum P; consists of Nj, clusters, 7 = 1,...,k.
A sample of individuals from the cluster c is de-
noted by s® and the set of clusters selected from
the stratum P; is denoted by sj,|s;| = n; and
[Pjl = Nj, j = 1,...,k. Otherwise we use the
same notation as before. Again the superpopulation
model as before is £(y; —0z;) = 0 for all individuals
i, in the population.

Now suppose the sampling design for the cluster
c is such that, (once the cluster is selected) the prob-
ability of including an individual ¢ in the sample,
that is Prob( ies® | ¢) = m}, iec. Hence if the clus-
ter i€P;, the unconditional (inclusion) Prob( i ) =
7; (nj/Nj), 7 =1,..., k. Thus if the population to-
tals of y and z are denoted by Y and X respectively,
the optimal estimating function for Y or (Y/X),
with respect to the superpopulation model just men-
tioned is given by replacing in (10) g by

g:é%zz{ﬁﬂi} . (2)

. 0w
7 cesj iesc t
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Further if Y, and X, denote the cluster totals of y
and z respectively the optimal estimating function
(Godambe, 1995) for estimating Y. or (Yo/X.) is
obtained from (12) as,

N C

(13)

ies®

Now we assume that for each cluster c, the sampling
design is calibrated; that is for each sample s¢ of non
zero selection probability,

SE=X..

iesc '3

For such calibrated sampling designs, if Y, denotes
the estimate of Y, obtained from the equation g, =
0, where g, is as in (13), then from (12) we have

NZ Z{ ()°}

nj CES;
With a fairly straightforward algebra it can be shown
that the variance of g in (14),
)’}

k
2R ol(E
'= CES5
Hence if all strata sizes N; are large enough we have

() -
wm:Eszj zﬂn—-&)}ww)

J ces;

(14)

Vig) =

L Nl‘d

A natural estimate of the variance V(g) in (15) is
given by

> (YC - %&)2 ;  (16)

the confidence intervals for (Y/X),(Y/X)or Y can
be obtained as before, by inverting the sampling

. 1 & N?
UOES P
j=1 ™

distribution of the approximate pivot g/v/{V(g)};
asymptotically the distribution is N(0, 1).

The confidence intervals discussed above do not
require the knowledge of sampling design for any
cluster, provided at the cluster level the estimates
Y. of Y, are available for cesj,j = 1,...,k. These

confidence intervals, though valid, cannot be ex-
pected to be as efficient as the ones based on the
entire data, if and when available. X

It is important to distinguish the estimates V'(g)
in (5), (11) and (16), (of the variances V(g) of the
estimating function g), from the conventional esti-
mates (of the variances of estimates). The former
generally in an essential way contain the param-
eter of interest Y or Y. The latter by definition
must be free of the parameter. The distribution of

9/v/{V(g)} would generally tend to its limit faster
than the corresponding distribution of

(12/ — Y)/{estimate of the variance }_’}1/2 . (17
For unlike the {estimate of the variance Y} in (17),
V(g) would be a sum of independently distributed
random variates, and would be stabler. An unpub-
lished result due to M.E. Thompson (1997) suggests
that the distribution of V in (16) would be closer
to normal than that of the quantity in (17). This
is also supported by many simulations reported in
Section 6.

The estimate V in (16) depends on the sample
variates only through the estimates of the cluster
totals or means; a property also shared by the tra-
ditional ‘estimate of the variance Y’ in (17). In
connection with the latter, early references could be
traced back to Mahalnobis’ interpenetrating sam-
ples, in the thirties while some of the recent ones
are Sarndal, Swensson and Wretman (1992); Yung
and Rao (1996).

4. BOOTSTRAP

In this section we present bootstrap versions of
the estimates of the variance V (g) given in (5), (11)
and (16). We illustrate the method in case of (11)
in some detail; the estimates (5) and (16) could be
obtained as special cases.

Our bootstrap method is different than usual
in the sense that we obtain the bootstrap variance
of the estimating function g in (10), holding the
parameter value (Y/X) in it fized. As before our
data consists of (y;, ;) : iesj,j = 1,...,k. The
stratified resampling is done as follows. The n;
number of draws are made with replacement from
(yi,zi) : i€sj, 7 = 1,...,k. If q denotes a generic
draw, a generic bootstrap value of the estimating '
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function of g in (10), gy say, is given by
k " -
N, 1 Y

Denoting by Ep and Vg the bootstrap expectation
and variance respectively, we have

(18)

Ep(g) =g
And
Ve(9s) = Ep(95)—{Ep(9)}* = Ep(98)—g° . (19)
In (19),
Eg(g})=A+B+C (20)
where
k 2 n = 2
N1 & Y
i=1 J ¢=1
EN? g v o\’
SN At
j=1 J 1ies;
kN1 Y g
B= 2wy 2 P (y"":x">
j=1 7 q%q
s‘t’.r:tuTnIJ
Y ,
yq - 32,—1:(1 y
kN2 1 7\
= ZTVJE —nj(n; — 1) (yj_} 3’.7)
i=1 7
k
C = NjNJ’- 1
iz N? ﬂJnQ-
ii'=1
nJ n]/ = .}—,
Z Z -Ep (yq - %xq) (yq’ - }'zq’>
g=1 qg =1
astratum j stratum _1
TR S A
=g - ZI‘VLQ (371' ‘53]>
=1

Now because of the assumption that the variates y;
are drawn from a superpopulation satisfying &(y; —

0z;) =0,i =1, e _N , in the above expression for
(B+C), g5 — (Y/X)z; =201/ /m5),7 = 1,...,k.

Therefore in (20), for large n;, 7 =1,...,k,
Ep(gp) ~ A+¢*
That is in (19)

kNZ

= \2
VB(gp) = A= ZN2 QZ(yt_Z— i) ':V(g)

.7 €8y
(21)
in (11).

The variance estimate V(g) in (5) is obtained
as a special case of (21) when z; = 1,1 =1,...,N.
Similarly the variance estimate V(g) in (16) is ob-
tained by replacing in (21) individual ‘¢’ by a clus-
ter ‘c’ and correspondingly replacing y; and z; by
Y. and X, respectively.

5. STRATA WITH DIFFERING MEANS

The optimality of the estimating functions g in
(3), (10) and (14) discussed in the previous sections
depends in an essential manner on the superpop-
ulation model £(y; — 0z;) = 0,7 = 1,...,N. The
optimality however is not much affected by the su-
perpopulation variances &(y; — 0z;)?, i = 1,...,N
(Godambe, 1995). This is also supported by the
simulation studies reported in the next section.

It is interesting to note that the optimality of the
estimating function g in (3) continues to hold even
when the superpopulation model E(y; — 6) = 0, ieP
is replaced by the extended model E(y; — ;) =
0, i€Pj, j = 1,...,k. That is now 0 is allowed
to vary from stratum to stratum (Godambe, 1995).
However now, the variance of g cannot be approx-
imated by replacing the stratum mean }_’J by the
population mean Y in (4). The earlier approxi-
mation and the subsequent estimate V(g) in (5)
were based on the assumption that (for large strata)
the differences ¥; — 6 or Y Y,j=1,...,k can
be ignored. Wlth 6 replaced in the stratum P;
by 0;, the terms Y Y are no more ignorable,
7 =1...k Here we note that the practice of
stratlfymg the population so as to make each stra-
tum ‘internally’ homogeneous tends to enlarge the
differences )7J —Y,5 =1,...,k. The title of this
section is intended to reflect this situation.
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To obtain an estimate V(g), under the extended
model E(y; — 6;) = 0, we set out to estimate the
nuisance parameters 8; or Y »J = 1,...,k holding
Y fized. Note that thxs problem of estlmatlon is
entirely different, conceptually and also mathemat-
ically, from that of the estimation of the variance of
g in (4).

Now assuming the strata sizes N;,5=1,...,k
are large, we would approximate the superpopula—
tion parameters 6}, with the survey population stra-
tum means Y »J =1,...,k. Further, the problem of
estimating }_’J, 3 =1,...,k, subject to holding the
population mean Y ﬁxed can be solved following
the usual Lagranglan technique: For variations of
YJ, J=1,...,k minimize the function

¢=iz<y,-—m2—x{(i1vjv’_’f)~?},

j=1 iesj j=1
(22)

where A is the Lagrangian multiplier. This tech-
nique of estimation has intuitive appeal even with-
out reference to the superpopulation model just men-
txoned It is easy to check that (22) is minimized for

Y Y;, (that is for the estimate Y of ¥;) where,
- (O _
YJ':—]'— Nj/( nJN) (37-Y), i=1,...,k,

N3/ (2ny2)

(23)

n; as before bemg the sample sizes from stratum
J» 3 = 1,...,k. Note, when strata sizes N; and
sample sizes n; are ‘proportional’ that is (n; /N )=
(n/N),j=1,...,k the equations, (23) reduce to

Yi=4-@-Y),5=1,...,k. (24)
This simple relationship can also be used when strata
sizes and sample sizes are not exactly proportional
but are only approximately so. Note with reference
to (24), that the estimating function (Y;~3;)— (Y —
7) is design-unbiased.

The above discussion also suggests estimation
of the stratum means }—’] when there is a covari-
ate z. The superpopulation model underlying the
estimating function g in (10), as noted before was
E(yi —0z;) = 0, for all individuals 1€P, with a com-
mon parameter §. Suppose this model is to be re-
placed by a more flexible and realistic model where
the parameter @ is allowed to vary from stratum to

stratum. That is now E(y; — 0;z;) = 0, ze’P], P; as
before denoting the stratum 7, J=1,...,k. Asin
(4), the stratum means ¥; enter the variance Vig)
of the estimating functxon g in (10);

Vo = S ()
j=1 J J
~ 2
_ Y _
> {(yi -Y;) - }?(Ii - Xj)} , (25)
1eP;
)—(j, J = 1,...,k as before denoting the stratum

means of z’s. The estimate V(g) in (11) was ob-
tained by ignoring the terms Y — ——X assuming
large stratum sizes N; and the superpopulatlon model,
E(yi — 0x;) = 0 for all individuals i¢P, with a ‘com-
mon’ parameter §. With the new, more flexible
model E(y; — 6;z;) = 0, iePj, j = 1,...,k, the
terms }_’3 - %X’j cannot be ignored any more. Now
the appropriate estimate namely V(g) of the vari-
ance V(g) in (25) is given by

i N? 1) N
N Nj ) N;—1

> 2
- Z {(yz Y;) - %(xi - Xj)} . (26)

nj ies;

However now the usual confidence intervals for (Y/X)
obtained by inverting the distribution of the ap-

proximate pivot {g/1/V(g)} contain nuisance pa-
rameters 7]-, J = 1,...k, assuming the covariate
stratum means X;,j = 1,...,k are known.

As before now we have to estimate the nuisance
parameters, namely the stratum means YJ y3=1,...k,
holding the population mean Y fixed. Note that
now the underlying superpopulation model is & (y; —
;) = 0,1€Pj,j = 1,..., k. Further denoting the
superpopulation variances £(y; — 0;z;)? = 02, i€P;
and assuming as before, the strata sizes |P;| =
Nj,7 = 1,...,k to be large, we replace the func-

tion ¢ in (22) by
2

> w2
) } ; (27)

’d)z

7=11ies;

{(E

><’*<I
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A as before being the Lagrangian multiplier. Un-
derlying the minimization of ¢ in (22), there was a
tacit assumption that the corresponding superpop-
ulation model variances namely €(y; — 6;)% = o?
were constant (02) for all i€P. Similarly now in
minimizing 1 in (27) we make the ‘assumption’ that
for the superpopulation model £(y; — 6;z;) = 0, the
variance functions £(6; — 0;z;)? = o2 = o2z, icP.
That is o is proportional to the covariate value
T;, 1€P. As stated in the beginning of this section,
both the assumptions just mentioned, are primarily
for ‘simplicity’ and are of no important statistical

consequence (Godambe, 1995). It is easy to check
that the values (estimates) ¥, of ¥; which minimize
(27) are given by

% _Y;

_— . ==

.’ZIJ' XJ'

k _ _
> (Vi X5)2 | N3 X; (28)
£ 2n;Z; 2njij’

i =1,...,k. Again as in case of (23), the equa-

tions (28) are considerably simplified for large sam-

ples, in case the sample sizes n; are proportional to
the strata sizes Nj, that is (n;/N;) = (n/N),j =

1,...

Y -¥

X

i=1,...,k (29)

. X’
j
Since in (29), the right hand size is 0(1/y/n) we have
Y; ~ %Xj j=1,...k (30)
j
The simple estimates of Y ; namely Y ; given by (30)
are quite intuitive and can also be used even in case
the sample sizes n; are not ‘exactly’ proportional
to N; but are only ‘approximately’ so. Note that
analogous to (24), underlying (30) is the design-
unbiased estimating function (Z;Y; — %;X;).
Now for the estimating function g in (3), the
variance V(g) is given by (4). Further if Vi(g) is
the estimate of V(g), based on the estimates Y; of
Y,, 3=1,...,k given by (24), then

. kNZ(1 1 1
Vi(g) = = (— - —~> Y
; N2 \n; Nj)(nj—1)

S{u-@-v+0} . 6

iesj

The confidence intervals for Y are obtained by in-
verting the distribution of the approximate pivot

lo/ {Vl (9) } 1/2]; asymptotically,

. 1/2
o/ {"@} " ~ N@Y). (32)
Similarly in case of a covariate, for the estimating
function g in (10), if Vo(g) denotes the estimate of
the variance V(g) in (25), based on the estimates

Y ; given by (30), then

. kNZ/1 1 1
) =3 (— . -) 1
,-; N2 \n; Nj)(nj—1)

— = 2
2. {(y,- - %Yj) - %(wi ‘71')} - (33)

1€3;

Again the confidence intervals for Y are based on

. 1/2
the inversion of the distribution of [g/ { Va (g)} / l;
asymptotically,

- 1/2
o/ {%a(e)} " ~ N, (34)
Note 8. Even if in (22) and (27), the strata
weights IV; are introduced to define the functions

¢ and 1) respectively, the final estimates ?Aj would
remain unaltered; they would as in (24) and (30).

6. APPLICATIONS

In the preceeding section we have provided con-
struction of confidence intervals when the superpop-
ulation model £(y; — 8) = 0 or E(y; — bz;) = 0, with
a ‘common’ value of @ for all individuals €P, is re-
placed by the model 8(yt —0_7') =0or 8(y,~ -—9]':8,') =
0, i€P;j, j=1,...,k. Thatisnow @ can vary from
stratum to stratum. Generally in practice, one can-
not be sure if for the survey population at hand, the
parameter § has a ‘common’ value for all individ-
uals i€P. Theoretical as well as numerical investi-
gations clearly indicate that the performance of the
confidence intervals computed on the assumption
of a common value of 6 (i.e. the once based on the

pivots [g/ {V(g)}l/zl of Section 2), is very suscepti-
ble even to ‘small deviations’ of 6, from stratum to
stratum. In contrast, as said before, the just men-
tioned confidence intervals are not much affected by
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the differential model variances or even the distribu-
tions of y, from stratum to stratum. Again, as said
before, in stratifying a population, a prior assess-
ment of the mean values 8 for different individuals
can lead to construction of strata P;, with differing
mean values §;, j =1,...,k.

For the reasons given above we propose a general
use of the confidence intervals based on the pivot
(32), when there is no covariate; and the confidence
intervals based on the pivot (34) for a covariate case.
In the following illustrations the above confidence
intervals are compared with the conventional con-
fidence intervals: They are obtained, in case of no
covariate, from the approximate N(0,1) pivot,

{i%-%i}(yi—?)} /

j=1 ies;
=t

i N2 \n; N,
in case of a covariate the approximate N(0,1) pi\‘rot

._lz(yi~%$,.> /

T °
Jj=1 y 1€8;

s (L_1) 1
i 2 \n; N;j/nj—1

PBE {(y,- ~-7;) - g(fﬁi B Tj)}2] 1/2

1€8;

(36)

(Cochran, 1977). In general we will refer to (32)
and (34) as the new pivots and (35) and (36) as the
conventional pivots. Extensive simulation experi-
ments were conducted to compare confidence inter-
vals based on the new and the conventional pivots.
However the results reported below are primarily for
small samples. Here we have sixteen survey popula-
tions, each of which is divided into four strata; sam-
ples of sizes 2, 3, 4, 2 are drawn from the respective
strata. Such samples of (total) sizes as small as 11,
can bring out best, as in Tables 1 and 2 to follow,
the superior performance of the new pivots over the
conventional ones. Though to a less degree than for
the small size samples, just mentioned, the superi-
ority of the new pivots over the conventional ones
continues to hold, for moderate size (25) samples,

as in Table 3 and 4. Our unreported simulation
studies included populations divided into 16 strata
each, with total sample size of about 50. Even for
such large samples the new pivots appear to per-
form better than the conventional ones. Eventually,
of course for very large sample sizes, the distinctive
performances between the two pivots, the new and
the conventional tends to disappear.

The sixteen survey populations (1) - (16) in Ta-
bles 1 and 2 below, barring populations (7), (8) are
of sizes 1000 each; populations (7), (8) are of sizes
2000 each. Each one of the sixteen populations, as
said before, is divided in 4 strata. Tables 1 and 2,
each have six columns (i), (ii), ... (vi). Column (i)
gives the population number (). Column (ii) pro-
vides, corresponding to the four strata, of the pop-
ulation (-), the superpopulation distributions from
which the strata have been drawn. The distribution
can be Chi-square (C), Normal (N), or Uniform (U).

1/2
1 1 = )2 ,
"; m (vi —7;) ; (35)When there is no covariate as in Table 1, column
1€s;

(ii) refers to just the distribution, of the variate y;
on the other hand in Table 2, it refers to the dis-
tributions of both, the variate y and the covariate
z. Column (iii) gives the sample sizes from differ-
ent strata. Column (iv) shows the nominal coverage
probability. Columns (v) and (vi) provide the ac-
tual coverage probabilities attained and the average
length of the confidence intervals, under 4000 sim-
ulations. Thus a typical horizontal line in Table 1,
starting with (6) say, is to be read as follows. The
four strata of the population (6) are drawn from the
superpopulation distributions Normal, Chi-square,
Normal, Chi-square respectively; the sample sizes
from different strata being (2, 3, 4, 2) respectively.
The interpretation of the columns (iv), (v), (vi) is
straightforward. The Table 2 needs no extra expla-
nation, excepting that as said above, here column
(ii) in addition to giving the distribution of the vari-
ate y, also gives the distribution of the covariate .
Unlike the populations (1) - (16) above, the popu-
lations (17) and (18) in Tables 3 and 4 are divided
into 8 strata, each, the population (17) being with-
out a covariate and (18) with a covariate.

119



{N'DD'DD'N'NN} £
68°02 08'22 06" LE6° g6" F'ev‘e'cy'en) (81)
{0000D'0'0D} =
(9g) s0ard  (pg) j0atd | (9g) s0a1d  (pg) s0a1d
famqeqoxd
yi8uay 93819A00 38e10A00 S9Z1s uonqLIIStp
afe1eAy [enyy [eutuIoN ardweg uonryendodiadng uotyerndog
(1) (4) (A1) (m) () ()
9 = g 0} § = § USAM)PQ WINYRIJS WOL]
31400 g JUSIOIPA0D UOISSa1dal a3 ‘mofeq (81) patequunu uonyendod sy uj
¥ 4T1dVL
$6°01 9L°2T 688" £6° %6 | (ev'eeved | {n'n'NDononN} (L1)
(gg) t0ad  (zg) toard | (gg) t0aid  (zg) s0a1d
Aymqeqoid f
y33usy 98e19A00 98e10A00 S9ZIS TornqIasip
aferoAy enjy [eUTUION adwreg uorpemndodiadng uoryemndog
(1a) (4) (a1) (m) () @

‘008 = ¢ 03 Q0T = g Usemidq WInjelss 03 WNJeIIS WOIJ
sa1400 ‘g ONfeA UBLW 3Y3 ‘40feq (L1) pelequnu uoryerndod ayj uy

€ 41dVL

120



8997 LTTE 606" 696" g6' @v'ee)| {nooa {0000} (91)
ye'6¢ 88°Ch 68" z6° g6 Z'v'ee) | {0000} {00} (s1)
10°¢g 68°CE 78’ 698" 06° Tv'ez) | {0000} {000} (1)
01°00T £8'eTl L8’ 926" g6° @v'ee) | {0009 {0000} (e1)
¥8'9 L0°L £g’ €8’ 06° @'v'ee) | {NNN'NY {000DD) (z1)
a8'9 1221 i 88" 06’ @'v'ee) | INNNN} {n'n'nn} (11)
6779 6V'E11 L8’ 9z6° g6 @v'ee)| {0000 {n‘n‘nnl (o1)
Z1'%g Z1'16 zg’ 618" 06’ @v'ee)| {0000} {a‘nnn} (6)
(9g) 30a1d (pg) 30a1d | (9€) somd  (pg) joard | A3riqeqord A z
y33ua] £amqeqoid 988I12A00 $9Z18 UoIINqLIISIp
aderony 93eI0A02 [Ny [BUITION] aidureg uonendodradng uoryemdog
(1) (4) (aD) (m) (1) (1)
Y= g 03 7 = g usamjeq ‘winjems o3 wnjels woy sauon ‘g SIUSIOI300
uolsse1dor ay3 ‘(g1) - Ams suorye[ndod 3urturewas ayy 109 ‘g = g “eens e 103
ﬁunﬁ. ﬁHmQ 9. % pcw._om.moonu Goﬁmmwuwo.u mﬂu 32&3 ANHV - Amv Umnmnﬁﬂﬁ mdoB.mHSQOQ mﬂp QH
_ ¢ AT9VL

96°6 69°CT 18" 806" 06° tv's2) | {NDaN} (8)

08'T1 9402 698" L6 g6 (tv'e2) | {N'DN'N} (2)

9%'91 12°28 9L 998° 06" Tv'e?) | {o'N'DON} (9)

z9°61 vepe 8’ 96" g6" Ttv's's)| {o'NDN} (g)

qg'e 06’y L18° 06’ 06’ (€ v‘e‘e) {n‘n‘n'n} )

A a8y L08’ 06" 06° (t%'cc) | {N'N'NN} (g)

19°6 11°¢1 08’ 06" 06° Tv'se)| {on‘on} (z)

£e' 11 £8°61 98’ L9 g6 (¢'v‘e‘g) {o'n'o‘N} (1)

(ge) Jomd  (zg) soad | (gg) 30a1d  (gg) 10Ad | A3miqeqord | A
yg8usg Amiqeqold a8e10A00 s9z1s UOIINQLISTP

98eroAy 98e10A00 [eNjOY reurmoN a1dureg voryeindodiadng | uorgendog

(1a) (4) (an) (1) (m) Q)

00% = g 03 001 = g Usam33q ‘WNJLIIS 03 WNFEIIS WOL

$21100 g anfea weaw 843 ‘(g) 03 (g) ‘suoryerndod Suturewa: sy 104 '001 = 4 ‘mmnge1ss oy
wnjens uoy pazyf play st g anjea uesw ayy mofeq (y) - (1) perequnu suoyyerndod ay3 ug
1 HT19dVL

121



7. CONCLUSIONS

The following conclusions are based on the theo-
retical investigations of the preceeding sections and
the simulation results reported in Section 6 and
many other simulation results, as mentioned ear-
lier, not reported in this paper.

The situation when there is no covariate seems
to be fairly clear from Tables 1 and 3 of Section
6. For small samples the conventional confidence
intervals, that is the ones based on the pivot (35),
can be very misleading: The ‘asserted’ probabil-
ity of coverage can be very different than the ’ac-
tual’ one. Further, this gap between ‘asserted’ and
‘actual’ coverage probabilities, for the conventional
confidence intervals seem to increase as the ‘varia-
tion in the strata means’ increases. Interestingly, as
noted in Section 5, this increased variation in the
strata means, can often be a result of stratifying
a population into (internally) homogeneous strata
for efficient point estimation. The confidence in-
tervals based on the new pivot (32), as it can be
seen from the Tables 1 and 3 of Section 6, perform
much better than the ones based on the conven-
tional pivot (35). From our simulations, based on
the three distributions namely Normal, Chi-square
and Uniform, it seems that the comparison between
performance of the new pivot (32) and the conven-
tional one (35) depends on the distributions mostly
through their variations of the mean values from
stratum to stratum. Particularly, the comparison
is not much affected by the variances or the forms
of the distributions. This is to be expected from
our underlying semi-parametric model, £(y; —6;) =
0, i€P;, j = 1,...,k. This thus extends the con-
clusion previously drawn in the beginning of Section
6. We emphasize here that the optimality of the es-
timating function g in (3), continues to hold even
when @ varies from stratum to stratum.

For large samples, according to our simulation
results mentioned earlier (unreported here) the dif-
ference between the two sets of confidence intervals,
one based on the pivot (32) and the other on (35)
tend to diminish. This, also is in line with the the-
ory.

Tables 2 and 4 of Section 6, provide results con-
cerning confidence intervals for populations admit-
ting a covariate. Here a comparison of the perfor-
mances of the new pivot (34) and the conventional

one (36) is rather subtle. We consider two situa-
tions: One, when the regression coefficient 8, is the
same for all strata. Two, when 8 varies (though not
very much) from stratum to stratum. Only in the
former situation the estimating function ¢ in (10)
is optimal. For this situation, (i.e. same & for all
strata), which is mostly of academic interest, the
pivot given at the end of Section 2, as our simula-
tion studies (unreported here) show, performs very
well. The situation two, above, is more realistic.
Hence it is practically very important to study the
performance of the estimating function g, that is
the performance of the confidence intervals based
on the new pivot (34), when 6 varies from stra-
tum to stratum. Under this situation, it is clear
from Tables 2 and 4, that the confidence intervals
based on the new pivot (34) provide ‘actual’ cover-
age probabilities closer to the ‘asserted’ ones than
the confidence intervals based on the conventional
pivot (36). Also under situation one, i.e. the same
0 for all strata, as the Table 2 indicates, the perfor-
mance of the new pivot (34) is at least as good as the
conventional pivot (36). The phenomenon seems to
be more striking as more variation in the covari-
ate values is introduced. Actually as the covariate
values within each stratum tend to be uniform the
difference between the performances of the two piv-
ots, the new (34) and the conventional (36), tends
to diminish. This is also true as the sample sizes go
on increasing,. ‘

It is interesting to note that the confidence in-
tervals based on the new pivots are generally longer
than the ones based on the conventional pivots.
All the same, the comparison between the two piv-
ots, new and conventional, of the ‘coverage proba-
bilities’, holding the respective ‘lengths’ fixed was
found to be distinctly in favour of the former in the
cases investigated; albeit very few. Of course what
is operationally most important is the fact that the
usual confidence statements based on the new piv-
ots are far more accurate than the ones based on
the conventional pivots.
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