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ABSTRACT 
 
A large number of methods of constructing confidence intervals for proportions have been proposed and studied for simple random 

sampling with replacement. A few of these methods have been adapted for complex survey data. This paper presents the results of 

a simulation study that was undertaken to evaluate the performance of the Wald interval, the logit transformation interval, the 

modified Wilson interval, the modified Clopper-Pearson interval and the bootstrap percentile interval in the context of stratified 

random sampling and two-stage sampling. The simulation results provide useful insights for implementing these interval methods. 
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RÉSUMÉ 
 
Un grand nombre de méthodes pour bâtir des intervalles de confiance pour des proportions ont été proposées et étudiées pour 

l’échantillonnage aléatoire simple avec remise. Quelques-unes de ces méthodes ont été adaptées pour les données provenant 

d’enquêtes à plan complexe. Cet article présente les résultats d’une étude par simulation qui a été entreprise afin d’évaluer la 

performance des méthodes suivantes : l’intervalle Wald, l’intervalle logit, l’intervalle Wilson modifié, l’intervalle Clopper-Pearson 

modifié et l’intervalle percentile bootstrap. Leurs performances ont été évaluées pour l’échantillonnage stratifié aléatoire simple et 

l’échantillonnage à deux degrés. Les simulations ont produit des résultats utiles pour l’implémentation de ces méthodes.   

 

MOTS CLÉS : Enquêtes à plan complexe, Intervalles de confiance, Proportions, Couverture, Effet de plan 

 
 

1. INTRODUCTION 

 

There are many methods for constructing confidence intervals (CI) for binomial proportions. The most commonly used 

method is the Wald confidence interval, which is of the form �̂� ± 𝑧1−𝛼 2⁄ × √vâr(�̂� ) for a proportion p, where �̂� is the 

weighted estimator of p, and vâr(�̂� ) is the estimated design-based variance of �̂�. Wald intervals are based on the assumption 

that the sampling distribution of �̂� is approximately normal. For proportions, the normality assumption is known to break 

down for small sample sizes and for proportions near zero or one. Furthermore, when �̂� = 0 or 1, the Wald interval 

degenerates to an interval of length 0. A large number of alternative methods of constructing confidence intervals for 

proportions have been proposed in the literature for non-survey data, of which several have been adapted for complex survey 

data. 

 

A project was undertaken at Statistics Canada to identify methods for constructing confidence intervals for proportions that 

are practical and that perform reasonably well for data from complex surveys. Four alternative methods to the Wald interval 

were considered: the logit transformation interval, the modified Wilson interval, the modified Clopper-Pearson interval and 

the bootstrap percentile interval. The first three methods are the alternative methods available in SAS for complex designs 

(PROC SURVEYFREQ). The bootstrap percentile method was considered as well because many surveys at Statistics 

Canada estimate the variance using bootstrap weights, and it is therefore a very practical approach. The performance of the 

Wald interval and of the four alternative methods was evaluated through a simulation study. The simulations were run for 

simple random sampling without replacement (SRSWOR), stratified random sampling and two-stage sampling. These 

simulations provided useful insights and allowed us to propose adjustments to existing methods. 
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This paper is structured as follows. Section 2 provides a review of the four alternative methods under consideration. Section 

3 presents simulation results for simple random sampling, stratified random sampling and two-stage sampling. The paper 

concludes with closing remarks in Section 4. 

 

2. METHODS FOR CONSTRUCTING CONFIDENCE INTERVALS 

 

This section reviews the four alternative methods of constructing confidence intervals for proportions under consideration.  

 

2.1 Logit Transformation Interval 

 

The logit interval is obtained by first constructing a t-distribution-based Wald interval for the logit transformation of p, and 

then transforming the limits back to the original scale. It is based on the assumption that log(�̂�/(1 − �̂�)) is approximately 

normal. It takes the form:  

 

 (
1

1+exp (−LBlogit)
,

1

1+exp (−UBlogit)
), (1) 

 

where LBlogit = log
�̂�

1−�̂�
− 𝑡𝑑(1−∝/2)

 √vâr(�̂�)

𝑝 (1−𝑝)
, and UBlogit = log

�̂�

1−�̂�
+  𝑡𝑑(1−∝/2)

 √vâr(𝑝)

𝑝 (1−𝑝)
. 

 

For complex designs, the degrees of freedom, d, is often approximated as the number of sampled primary sampling units 

(PSUs) with sampled units in the domain of interest minus the number of strata with sampled units in the domain of interest. 

Note that the estimator of the logit is itself undefined when �̂� = 0 or 1, so an alternative method of constructing the interval 

is needed in that case. 

 

2.2 Modified Wilson Interval 

 

The Wilson interval, proposed by Wilson (1927) for simple random sampling with replacement (SRSWR), is based on 

solving the following equation: 

 

 
|𝑝−𝑝|

√𝑝(1−𝑝) 𝑛⁄
 ≤  𝑧1−𝛼

2
, (2) 

 

where n is the sample size. The variance in the denominator is the true variance of �̂� and not the estimated variance, and the 

normal percentile is therefore used instead of a percentile from the t-distribution. Squaring both sides of the equation and 

solving the resulting quadratic equation for p yields the following upper and lower bounds for the interval: 

 

 
𝑝+𝑧2 2𝑛⁄

1+𝑧2 𝑛⁄
 ± 

𝑧 √�̂�(1−𝑝)+𝑧2 4𝑛⁄  

√𝑛 (1+𝑧2 𝑛⁄ )
, (3) 

 

where 𝑧1−𝛼 2⁄  is denoted by z. When �̂� = 0, the Wilson interval becomes (0,1 (1 + 𝑛 𝑧2⁄ )⁄ ); and for �̂� = 1, it becomes 

(1 (1 + 𝑧2 𝑛⁄ )⁄ ,1).  

 

For complex survey data, Kott and Carr (1997) propose a modified version by replacing 𝑧1−𝛼 2⁄  with 𝑡𝑑(1−∝/2) in equation 

(3), and replacing n with the effective sample size, defined as 𝑛e = 𝑛 Deff̂ (�̂�)⁄  where Deff ̂(�̂�) =  vâr(�̂�)  ×  𝑛 �̂� (1 − �̂�)⁄  

is the estimated design effect. When �̂� = 0 or 1, the estimated design effect is undefined; one option is to use the standard 

(unmodified) Wilson interval when this is the case. 

 

2.3 Modified Clopper-Pearson Interval 

 

The Clopper-Pearson interval, proposed by Clopper and Pearson (1934), is an exact interval under SRSWR in the sense that 

it is based directly on the binomial distribution rather than an approximation to the binomial distribution. The interval always 

has at least the nominal coverage 1-α under SRSWR, but often overcovers due to the discreteness of the distribution of  �̂�.   
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The Clopper-Pearson interval can be expressed as follows: 

 

 (
𝑣1𝐹𝑣1,𝑣2(∝/2)

𝑣2+𝑣1𝐹𝑣1,𝑣2(∝/2)
,

𝑣3𝐹𝑣3,𝑣4(1−∝/2)

𝑣4+𝑣3𝐹𝑣3,𝑣4(1−∝/2)
), (4) 

 

where v1 = 2x, v2 = 2(n-x+1), v3 = 2(x+1), v4 = 2(n-x), x = n�̂� (i.e., the number of successes in n trials), and 𝐹𝑑1,𝑑2
(𝛽) is the 

𝛽 quantile of an F distribution with d1 and d2 degrees of freedom. For �̂� = 0, the interval becomes (0,1 − √𝛼 2⁄
𝑛

); and for �̂� 

= 1, it becomes ( √𝛼 2⁄
𝑛

, 1). 

 

For complex survey data, Korn and Graubard (1998) propose a modified version of the interval by using an adjusted sample 

size defined as follows: 

 

 𝑛e
∗ =  

𝑛

Deff̂ (𝑝)
 (

𝑡𝑛−1(1−∝/2)

𝑡𝑑(1−∝/2)
)

2

=  
𝑝 (1−�̂�)

vâr(𝑝)
 (

𝑡𝑛−1(1−∝/2)

𝑡𝑑(1−∝/2)
)

2

. (5) 

 

The modified Clopper-Pearson interval is constructed by replacing n by 𝑛e
∗, and replacing x by 𝑛e

∗  �̂� when computing v1, v2, 

v3 and v4 to apply equation (4). When �̂� = 0 or 1, the estimated design effect is undefined; Korn and Graubard suggest using 

the standard Clopper-Pearson interval when this is the case. 

 

2.4 Bootstrap Percentile Method 

 

The bootstrap percentile method, discussed by Efron and Tibshirani (1993), uses the percentiles of the bootstrap distribution 

to construct a confidence interval. Let �̂�𝑏 denote the estimate of the proportion for the bth bootstrap replicate, where b=1,...,B, 

and B is the number of bootstrap replicates. A 1-α level confidence interval is constructed by using the α/2 percentile from 

the distribution of �̂�1, … , �̂�𝐵 as the lower bound of the interval, and the 1-α/2 percentile as the upper bound of the interval. 

For example, if B=1,000, then a 95% confidence interval would be constructed by ordering the bootstrap estimates from 

smallest to largest, and using the 25th estimate as the lower bound and the 975th estimate as the upper bound of the confidence 

interval. The method is very simple to implement, and is very attractive for that reason. Note that the interval becomes 

degenerate when �̂� = 0 or 1; in that case the interval could be constructed using another method. 

 

3. SIMULATION STUDY 

 

Limited simulation studies have been conducted in the past to assess the performance of interval methods adapted for 

complex survey data (e.g., Liu and Kott, 2009; and Korn and Graubard, 1998). We conducted a simulation study to further 

investigate the performance of Wald, logit, modified Wilson, modified Clopper-Pearson and bootstrap percentile intervals 

under simple random sampling, stratified random sampling and two-stage sampling.  

 

The simulation study was conducted as follows. For each scenario, a population with 99 dichotomous variables was 

generated, and the population proportion of these variables were 1%, 2% … 99%. The simulation was repeated 1,000 times. 

For each replication of the simulation, a sample was selected from the population and two-sided 95% confidence intervals 

were constructed for each of the 99 estimated proportions using all five interval methods. One thousand sets of Rao-Wu 

bootstrap weights (Rao, Wu and Yue, 1992) were generated for each selected sample in order to implement the bootstrap 

percentile interval method. The approximate coverage of each interval method was obtained for each of the 99 variables by 

computing the proportion of times the true population proportion was covered by the 1,000 confidence intervals. Ideally the 

coverage should be 95% for 95% confidence intervals. Whenever the estimated proportion was 0 or 1, the standard Clopper-

Pearson interval was used for the Wald, logit, modified Clopper-Pearson and bootstrap percentile intervals; the standard 

Wilson interval was used for the modified Wilson interval. We intentionally ran scenarios with small sample sizes, where 

the methods are more likely to break down. 
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3.1 Simulation Results for Simple Random Sampling 

 

A population of size 10,000 was generated, and samples of size 30 were selected using SRSWOR. Figure 1 gives the 

coverage obtained for the five interval methods as a function of the population proportion p. The bootstrap percentile and 

Wald intervals undercover for proportions between 10% and 25%, and between 75% and 90%. Both have high coverage 

near 0 and 1, where there is a high probability of observing �̂� = 0 or 1 and resorting to the standard Clopper-Pearson interval. 

The logit, modified Wilson and modified Clopper-Pearson intervals perform better: their coverage is reasonably close to 

95% for all population proportions. 

 

Figure 1 - CI coverage under SRSWOR for n=30 

 
 

The average length of the constructed confidence intervals (the upper bound of the interval minus the lower bound) was 

computed for the scenario. Figure 2 shows that the differences among the methods in terms of average interval length are 

relatively small, and coverage properties would be more important in making a choice among them.  

 

Figure 2 - Average confidence interval length 

 
 

Simulations were also run for scenarios with larger sample sizes; as expected the performance of all five methods improved. 

  

3.2 Simulation Results for Stratified Random Sampling 

 

For stratified random sampling, simulations were run for scenarios similar to those described in Liu and Kott (2009). The 

population was divided into three strata, and samples were selected independently within each stratum using SRSWOR. 

Scenarios were run with and without proportional allocation. As well, scenarios were run with equal population proportions 

in all strata, and different population proportions across strata. 
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3.2.1 Stratified Random Sampling with Proportional Allocation 

For the first type of scenario, the sample was allocated proportionally to the population sizes of the strata. The weights were 

therefore equal across strata. The simulation results obtained for stratified random sampling with proportional allocation 

were similar to those obtained for SRSWOR. This was true even with unequal population proportions across strata.  

 

3.2.2 Stratified Random Sampling with Unequal Weights and Equal Proportions  

 

For the second type of scenario, the sample was not allocated proportionally to the population sizes of the strata; the weights 

therefore varied across strata. The population proportions, p, were equal for all three strata. Table 1 describes a scenario of 

this type. The weights for stratum 3 are ten times smaller than those for strata 1 and 2. The coverage of the confidence 

intervals for this scenario is given in Figure 3. It shows that all five interval methods seriously undercover for population 

proportions near 5% and 95%.  

 

Table 1 - Scenario with unequal weights and equal proportions 

Stratum Nh nh Weight Population Proportion 

1 10,000 10 1,000 p 

2 10,000 10 1,000 p 

3 3,000 30 100 p 

 

Figure 3 - CI Coverage for stratified sampling with unequal weights and equal proportions 

 
 

We found that the undercoverage observed for the modified Wilson and modified Clopper-Pearson intervals is caused by 

the estimated design effects used to adapt these intervals for complex designs. Figure 4 is a graph of the true design effect 

and the mean of the 1,000 observed design effects. The graph shows that for population proportions less than 15% or greater 

than 85%, the estimated design effects tend to underestimate the design effect. (The estimated variances are unbiased, but 

the estimated design effects are not necessarily unbiased.) 

 

Figure 4 - True design effects and the mean of observed design effects 
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The performance of the modified Wilson and modified Clopper-Pearson intervals can be improved if an appropriate lower 

bound is set on the design effect used to construct these intervals. One option is to set a lower bound of one by using a 

design effect given by max(Deff ̂(�̂�),1); see Korn and Graubard (1998) for a similar idea. Through simulations, we observed 

that for stratified random sampling, the modified Wilson and modified Clopper-Pearson intervals perform well when the 

lower bound is set to 75% of the approximation of the design effect proposed by Kish (1965). The approximation proposed 

by Kish for stratified random sampling, denoted by DeffKish, can be derived by simplifying the formula for the true design 

effect, under the assumption that the population proportions are equal across strata: 

 

 Deff(�̂�) =
Var(𝑝)

𝑝(1−𝑝) 𝑛⁄
=  

∑ (
𝑁ℎ
𝑁

)
2

ℎ (1−
𝑛ℎ
𝑁ℎ

)
𝑝(1−𝑝)

𝑛ℎ

𝑝(1−𝑝) 𝑛⁄
≈ ∑ (

𝑁ℎ

𝑁
)

2

ℎ
𝑛

𝑛ℎ
=

𝑛 ∑ 𝑤𝑖
2𝑛

𝑖

(∑ 𝑤𝑖
𝑛
𝑖 )

2  = DeffKish (6) 

 

where wi is the weight of the ith unit selected in the sample. The simulation for the scenario specified in Table 1 was rerun 

with the design effect used to construct the modified Wilson and the modified Clopper-Pearson intervals set to 

max(Deff ̂(�̂�),75%DeffKish). Figure 5 gives the coverage obtained. The undercoverage observed in Figure 3 is eliminated 

for both methods. 

 

Figure 5 - CI coverage with bounded design effects 

 
 

 

3.2.3 Stratified Random Sampling with Unequal Weights and Unequal Proportions 

 

For the third type of scenario, the weights were unequal as well as the population proportions across the three strata. Table 

2 describes a scenario of this type. The weights for stratum 3 are ten times smaller than those for strata 1 and 2. The 

population proportions are smaller in stratum 1 and larger in stratum 3. The coverage of the confidence intervals for this 

scenario (without the lower bound on the design effects proposed in Section 3.2.2) is given in Figure 6. Figure 6 shows that 

there are two dips in the coverage of all five interval methods: a large dip for population proportions near 5% and a smaller 

dip near 90%.   

 

Table 2 - Scenario with unequal weights and unequal proportions 

Stratum Nh nh Weight Population Proportion 

1 10,000 10 1,000 p – 0.3p(1-p) 

2 10,000 10 1,000 p 

3 3,000 30 100 p + p(1-p) 

 

Figure 7 is a graph of the true design effect, the mean of the observed design effects and the Kish approximation of the 

design effect. In this case, the true design effect is different from the Kish approximation. This is because the proportions 

vary across strata. The graph also shows that for population proportions less than 20%, the estimated design effects tend to 

underestimate the true design effect. This explains the undercoverage observed in Figure 6 for the modified Wilson and 

modified Clopper-Pearson intervals for population proportions near 5%.  
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Figure 6 - CI coverage for stratified random sampling with unequal weights and unequal proportions across strata 

 
 

Figure 7 - True design effects and the mean of observed design effects 

 
 

After applying the lower bound on the design effect proposed in Section 3.2.2, the dip in coverage near 5% was eliminated, 

but not the dip near 90%. We found that the latter dip in coverage is occurring because the standard Wilson and standard 

Clopper-Pearson intervals, used when �̂� = 1, are too narrow for this scenario. This is because the standard intervals assume 

a design effect of 1. Instead of using the standard intervals when �̂� = 0 or 1, we propose that the sample size used to construct 

the intervals be divided by the Kish approximation of the design effect (the estimated design effect is undefined). This will 

produce wider intervals. 

 

The simulation for the scenario was rerun with both proposed adjustments to the design effect: 1) whenever �̂� ≠ 0 or 1, use 

Deff=Max(Deff ̂(�̂�),75%DeffKish) ; 2) whenever �̂� = 0 or 1, divide the sample size by DeffKish. The coverage of the intervals 

for this simulation are given in Figure 8. The proposed adjustments largely eliminate the undercoverage observed in Figure 

6 for small proportions.  

 

Figure 8 - CI coverage with proposed corrected design effects 

 
 

  

0.5

0.6

0.7

0.8

0.9

1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

C
o

v
er

ag
e

Population Proportion (p)

Wald Interval

Logit Interval

modified Clopper-Pearson Interval

modified Wilson Interval

Bootstrap Percentile Interval

0

0.5

1

1.5

2

2.5

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

D
ef

f

Population Proportion (p)

True Deff

Mean of Estimated Deffs

Approximate Kish Deff

0.85

0.9

0.95

1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

C
o

v
er

ag
e

Population Proportion (p)

modified Clopper-Pearson Interval

modified Wilson Interval



8 

 

3.3 Two-Stage Sampling 

 

Several scenarios were run for two-stage sampling. For all scenarios, a first-stage population of 60 primary sampling units 

(PSUs) was generated. The first-stage of selection involved selecting 6 PSUs using probability proportional to size sampling 

with replacement (PPSWR). The second stage involved selecting 10 units from each selected PSU using SRSWOR. The 

PSUs were selected with replacement in order to simplify variance estimation. Variance was estimated using the bootstrap 

method. One thousand sets of Rao-Wu bootstrap weights were generated for each sample selected for the simulation. 

 

Scenarios were run with PSUs of equal population size, and with PSUs of varying population sizes. The size measure used 

for the PPS sampling was set equal to the PSU population size for some scenarios, and different from the PSU population 

size for other scenarios. Scenarios were run with equal population proportions in all PSUs, and different population 

proportions across PSUs. 

 

3.3.1 Two-Stage Sampling with Equal SSU Weights 

 

For the first type of scenario, the PPS size measure of each PSU was set equal to its population size. Under this scenario, 

the overall weights that take into account both stages of selection are equal for all selected second-stage units (SSUs). Table 

3 provides a description of the PSUs used for one of the scenarios. To simplify the simulation, the population of 60 PSUs 

consisted of 20 type A PSUs, 20 type B PSUs, and 20 type C PSUs. The overall weights for the SSUs selected in the sample 

are 4,000, regardless of the PSU the units were selected from. The population proportions are smaller for type A PSUs and 

larger for type C PSUs. 

 

Table 3 - PSUs (three types) for scenario with equal weights 

PSU 

Type 

PSU population 

size 

PPS size 

measure 

1st stage 

weight 

2nd stage 

weight 

Overall 

weight 

Population 

Proportion 

A 8,000 8,000 5 800 4,000 p - p(1-p)/8 

B 3,000 3,000 40/3 300 4,000 p 

C 1,000 1,000 40 100 4,000 p + p(1-p) 

   

The coverage of the confidence intervals for this scenario is given in Figure 9. It shows that the logit, modified Wilson and 

modified Clopper-Pearson intervals perform well. On the other hand, the Wald and bootstrap percentile intervals undercover 

for all population proportions, except at the extremes.  

 

For this scenario, the degrees of freedom is small, only 5. We observed that if the logit, modified Wilson and modified 

Clopper-Pearson intervals are constructed with the degrees of freedom set to 59 (number of SSUs minus 1) instead of 5 

(number of PSUs minus 1), these three interval methods undercover nearly as much as the Wald and bootstrap percentile 

intervals. Computing the degrees of freedom correctly is important for obtaining good coverage for this scenario. 

 

Figure 9 - CI coverage for two-stage sampling with equal weights for all sampled units 
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3.3.2 Two-Stage Sampling with Unequal SSU Weights 

 

In practice, the actual size of the PSUs may not be known at the time of sample selection, and an approximate size measure 

is used for the PPS sampling instead of the actual size measure. When this is the case, the weights of the SSUs are not all 

equal. We observed that there is some loss in coverage of the intervals as the variability of the SSU weights increase.  

 

Table 4 presents such an example. The population of 60 PSUs consists of 20 type A PSUs, 20 type B PSUs, and 20 type C 

PSUs. The PPS size measure is one for all PSUs, so the first-stage sample design is equivalent to simple random sampling 

with replacement (SRSWR). In this scenario, SSUs selected from type A PSUs have weights that are ten times larger than 

SSUs selected from the other PSUs. Figure 10 provides the simulation results for this scenario.  

 

Table 4 - PSUs for scenario with unequal weights 

PSU 

Type 

PSU population 

size 

PPS size 

measure 

1st stage 

weight 

2nd stage 

weight 

Overall 

weight 

Population 

Proportion 

A 10,000 1 10 1,000 10,000 p - p(1-p)/10 

B 1,000 1 10 100 1,000 p 

C 1,000 1 10 100 1,000 p + p(1-p) 

 

Figure 10 - CI coverage for two-stage sampling with unequal weights 

 
 

Figure 10 shows that the coverage of the Wald and bootstrap percentile intervals is well below 95% for this scenario. The 

logit, modified Wilson and modified Clopper-Pearson intervals undercover but not to the same extent. There is a more 

serious dip in coverage for proportions near 95%. We found that the dip is occurring because standard Wilson and standard 

Clopper-Pearson intervals are used when �̂� = 1. The standard intervals are too narrow for this scenario because they do not 

take into account the small number of degrees of freedom. We propose that the adjustments for degrees of freedom that are 

applied when �̂� ≠ 0 or 1, also be applied when �̂� = 0 or 1. For the Wilson interval, this means replacing 𝑧1−𝛼 2⁄  with 

𝑡𝑑(1 − 𝛼 2⁄ ). For the Clopper-Pearson interval this means adjusting the sample size used to construct the interval as follows 

(see equation (5) in Section 2.3):  

 𝑛 
∗ =  𝑛 (

𝑡𝑛−1(1−∝/2)

𝑡𝑑(1−∝/2)
)

2

. (7) 

 

The simulation was rerun, and whenever �̂� = 0 or 1, the proposed adjustment was applied instead of using the standard 

interval. Figure 11 gives the coverage obtained for the modified Wilson and modified Clopper-Pearson intervals with these 

proposed adjustments for �̂� = 0 or 1. The dip near 95% is eliminated, but the coverage for population proportions less than 

80% remains at approximately 92% instead of 95%. It is possible that coverage could be further improved by adjusting the 

degrees of freedom to account for unequal probability sampling (see Valliant and Rust, 2010) but this is beyond the scope 

of this paper. 
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Figure 11 - CI coverage with proposed adjustments for �̂� = 0 or 1 

 
 

4. CONCLUSION 

 

Our simulation study showed that logit, modified Wilson and modified Clopper-Pearson intervals perform better than Wald 

and bootstrap percentile intervals. The former interval methods seem to perform well under stratified random sampling and 

two-stage sampling for self-weighting designs (i.e., equal weights for all units). Some undercoverage was observed for all 

five interval methods when the survey weights are not equal for all sampled units. We found that the performance of the 

modified Wilson and modified Clopper-Pearson intervals can be improved by setting an appropriate lower bound on the 

design effect used to construct the intervals. Their performance can be improved further if the intervals are adapted to take 

the design into account when �̂� = 0 or 1, instead of using standard (unmodified) intervals.  
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