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BOOTSTRAPPING MEAN SQUARED ERRORS OF ROBUST SMALL AREA
ESTIMATORS
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ABSTRACT

This paper proposes a new hootstrap estimation procedure for mean squared errors of robust small area predictors. We formally
prove the asymptotic validity of the proposed bootstrap method. Moreover, since the proposed method is semi-parametric, i.e., it
does not rely on specific distributional assumptions about the errors and random effects of the unit-level model underlying the
small area estimation, it is particularly attractive and more widely applicable. We compare our bootstrap estimator with existing
ones through Monte Carlo simulations. The results show that our procedure performs satisfactorily well. Application of the
proposed method is illustrated by analyzing a well-known outlier-contaminated small county crops area data from North-Central
lowa farms and Landsat satellite images.

KEY WORDS: Bootstrap; Small area estimation; Empirical best linear unbiased predictor; Linear mixed model; Outliers;
Random effects.

RESUME

Cet article propose une nouvelle procédure bootstrap pour I’estimation des erreurs quadratiques moyennes d'estimateurs robustes
de petits domaines. Nous démontrons formellement la validité asymptotique de la méthode bootstrap proposée et nous la
comparons avec les méthodes existantes a travers des simulations Monte-Carlo. La méthode proposée est particulierement
attrayante et plus largement applicable car elle est semi-paramétrique, c’est-a-dire, qu’elle ne repose pas sur des hypothéses
specifiques de la distribution des erreurs et des effets aléatoires du modéle au niveau de l'unité sous-jacent. Les résultats
démontrent que notre procédure performe bien. Nous présentons aussi une illustration de la méthode bootstrap proposée en
analysant les données contaminées obtenues a partir des images satellitaires Landsat et d’une enquéte auprés des fermiers dans le
centre-nord de 1’Towa aux Etats-Unis.

MOTS CLES : Bootstrap; Petits domaines; Meilleur prédicteur linéaire empirique sans biais; Modele linéaire mixte; Valeurs
aberrantes; Effets aléatoires.

1. INTRODUCTION

Small area estimation (SAE) has received considerable attention in recent years. See Rao (2003) for a review of SAE
methods. The empirical best linear unbiased predictor (EBLUP) is widely used for small area estimation. In the presence
of outliers, robustified versions of the EBLUP have been recently investigated by several authors (Sinha and Rao 2009,
Chambers et al. 2014, and Jiongo et al. 2013). Robust point estimation also requires the estimation of the Mean Square
Error (MSE) which provides a measure of the precision of the point estimators. Sinha and Rao (2009) proposed a
parametric bootstrap procedure based on the robust EBLUP estimators to estimate the MSE. Other analytical and
bootstrap procedures for estimating the MSE of the robust empirical best linear unbiased predictors (REBLUPS) have
been proposed by Chambers et al. (2014) and Jiongo et al. (2013), respectively. However, their theoretical validity has not
been formally established and their empirical performance is not fully satisfactory.

In this paper, we propose a new semi-parametric bootstrap procedure for estimating the MSE of the REBLUPs. Our
bootstrap procedure uses (non-robust) maximum likelihood estimators to generate bootstrap samples. This produces
bootstrap samples with similar variability to the one associated with the original data, and the resulting MSE estimator is
therefore consistent. We formally prove the theoretical validity of our bootstrap procedure, examine its empirical
performance through simulations and illustrate its use via a real data application. The paper is organized as follows.
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Section 2 presents the model and notation and reviews some existing results. In Section 3, the proposed bootstrap
procedure is outlined. Section 4 presents Monte Carlo simulation results. A real data example on county crop areas is
provided in Section 5. Concluding remarks are given in Section 6.

2. BACKGROUND

2.1 Underlying model

Consider a population U of size N, partitioned into k domains (areas) U,,...,U, of known sizes N,,...,N,,
k k

respectively. That is, U = UUi such that UiﬂUI =0,i#Il,and N = ZNi . Let y define the variable of interest,
i1 i=1

and denote by Yij the response value for unit j belonging to areai, i =1,...,k, j=1...,N,. The area mean associated

N

with U; is given by\?i = Ni’lz Y;i - Let s be a random sample of size n, selected from the population U . The overall
j=1

k
sample S can be partitioned as SZUSi, where s =5ﬂUi is of size n;. Denote by X; =(x1ij,...,xpij)T a p-
i=1

N
dimensional deterministic vector of covariate values available for unit (i, j) and by X; = ni‘lz X;; the column vector of
j=1

N;
sample means of these covariates for areai. The corresponding vector of true area means is given by X, = Ni‘lZ:xij ,

j=L
and is assumed to be available as well.

The nested error unit-level model considered can be expressed as

Vi =XiB+V;+e;,i=1..k, j=1..,N, (1)
where £ is an unknown p-dimensional fixed-effects regression parameter vector. The random-effects v; are assumed to
be independent and identically distributed with a distribution F, of mean O and variance . The error terms e; are
assumed to be independent with a distribution F, of mean 0 and variance aez, and independent of the v, . We suppose

that F, and F, both belong to the same family distributions. That is, the sum of two independent copies of these

distributions has the same distribution, up to location and scale parameters. Examples include Normal, Cauchy, Levy
distributions, etc. The fact that the error and random-effects distributions are not necessarily Normal is a substantive
departure from existing frameworks such as Sinha and Rao (2009) and Jiongo et al. (2013). It allows the estimation to be

less sensitive to misspecification and to be more widely applicable. Denote byﬁz(ﬂT,5T) , the vector of model
parameters, where 6 = (062 , avz) is the vector of the variance parameters.

2.2 Robust estimation

A A A \T
Newton-Raphson algorithms to numerically determine the robust estimators 8, = (ﬂ; 5;) of @ can be found in Sinha
and Rao (2009). From these robust estimated parameters, the Sinha-Rao Robust Empirical Best linear Unbiased Predictor

(REBLUP) for the area mean ; : denotedY_iSR , is of a plug-in type and is given by

Iy

Yisr = Ni_lzl Yij + L-n Ni_l))_(iEﬁR + (1= N (2)
=



N; —n;
! ZXU , and the robust predictors of the random effects, V, —V.R(5 ), are obtained by solving a

where X, =
N; —n; 95

Fellner (1986) system of estimating equations, conditionally on éR. See Sinha and Rao (2009) for the details of the
estimation procedure.

3. PROPOSED BOOTSTRAP MSE ESTIMATOR
3.1 Description of the Bootstrap Method

We present in this section the method of generating the bootstrap samples and of estimating the MSE of the robust
estimators. The method is described for the Sinha-Rao robust predictor and can be easily adapted for other robust
predictors based on the unit-level model. The bootstrap procedure works as follows.

A . : . 1 . A ~
Step 1 : Let U; and €, be defined as follows: U, =—==V, and€, =y, — ,gﬂ v,, where 7, =1-\1-p, ,
~2

Jh
~ n,o,

pi =5 and V; is the EBLUP of the random effect, given by V; = p, (Y, — ,3).
6. +Nn6;

Generate k random variables u; , i=1,..,k, by drawing independently with replacement among U —120“
1=1

i=1..k and generate N random variables e”, i=1..k, j=1..,N,, by drawing independently with replacement

A A A \T
among &, — ZZe,g =1,...,k, g=1..,n,, respectively. Note that the estimates & = (ﬂT ,5T) used at this step

I=1 g=1
(and in steps 2 and 3) are the non-robust maximum likelihood estimators of the true parameter denoted by &, . The use of

non-robust estimators leads to generated bootstrap samples whose behavior is similar to the original sample, regardless of
the original sample’s distribution.

Step 2: Compute the mean of the bootstrap population:

Y= Ni’lix£ﬁ+u:+Ni’lie; 3)
j=1 j=1
Step 3: Generate a bootstrap sample (X;;, y;; )’ Wherle |
y ﬁ+u +e,J,|_1,...,k, i=1..,n, (4)
and where { i =1,k j=1.. } is a sample of size n drawn from the population of bootstrapped errors.

Step 4: Robust bootstrap estimators HR and viR are computed from the bootstrap samples. The Sinha-Rao robust

bootstrap estimator for small-area means, Y,y , is obtained as

A N A i
YiSR = Niilz yij + (1_ n; Niil))_(i-[:ﬁR + (1_ n; Ni l)ViR : (5)
=1
Step 5 : Repeat the above process a large number of times, say B times, to obtain B bootstrap samples. The estimator of
2
the mean squared error of Y., is given by mse( ,SR) B- Z( Y —Y I*(b)) , where Yo and Y,"® correspond to

expressions (5) and (3), respectively, for the b™ bootstrap sample.

3.2 Validity of the Bootstrap Estimator



To show the validity of our bootstrap, the first step is to show that the distribution of the bootstrap samples asymptotically
“mimics" the behaviour of the original sample in probability.

Lemma
p A
Under mild regularity conditions, d4(Fy,Fy* )—)O as k — oo, where F, is the distribution of the y values, Fy*is the

distribution of the bootstrap values y~ and d, is the Mallows (1972) metric of order 4.

The following theorem is the main result of this paper. It states that under mild regularity conditions, the proposed
bootstrap MSE estimator of the Sinha and Rao (2009) robust empirical best linear unbiased predictor is a consistent
estimator of the MSE.

Theorem

>

A
VIR

Under mild regularity conditions and following the above lemma, dZ(YiSR -,

L2 _\p
Yisr =i )—)O as k — oo. That leads to

A

o — _ p
(lemma 8.3 of Bickel and Freedman 1981): E*(YiSR -Y, )2 -E, (YiSR -Y, )2‘—>0 ask — oo,

Proof: The proof is in a more detailed version of this paper available upon request.

4. SIMULATIONS

We consider four small-area estimators. The EBLUP, the robust estimator of Sinha and Rao (2009) denoted by SR, the
robust estimator of Chambers et al. (2014) denoted by CCST3, and the robust estimator of Jiongo et al. (2013) based on
the conditional bias concept of Beaumont et al. (2013) denoted by CB. For each of these small-area estimators, the
performance of the proposed bootstrap MSE procedure, denoted JNBOOT, is assessed and compared with several other
alternative MSE estimators. For the small-area estimators CB, we compare our results with the bootstrap MSE estimators
of Sinha and Rao (2009), denoted SRBOOT, and Jiongo et al. (2013), denoted JHDBOOT. For the robust estimators SR
and CCST3, we also compare our results with the analytical linearization MSE and linearization-based MSE estimators
developed by Chambers et al. (2014), denoted CCT and CCST, respectively. Finally, for the EBLUP, we compare our
results with all of the above including the estimator of Prasad and Rao (1990), denoted PR.

The same type of contamination design as in Jiongo et al. (2013) is considered. Outliers are generated from a mixture
model satisfying y; = (L— A;)Yo; + A; Yy, Where the A; are independently generated according to a Bernoulli

distribution with parameter p = 0.1, and y,; and y,; are given by two linear mixed models. Three contamination

scenarios are considered. The scenario corresponding to the absence of contamination is denoted by (0,0,0); while
(e,v,0) corresponds to the scenario where both the random errors and the area random effects are contaminated; and
finally, (e,v,b) corresponds to the scenario where the contamination comes from the random effects, the random errors
and the fixed effects. For each scenario, we generate T =500 populations and B =200 bootstrap replications for each
population. The tuning constant for the small-area estimators CB is set as defined in Beaumont et al. (2013). The tuning
constant of the robust predictor CCST3 is set at b =3 as in the simulation experiments of Chambers et al. (2014).

The results reported in Table 1 present the median over areas of the percent Monte Carlo relative biases (RB %) and the
percent root relative mean squared error (RRMSE %) of the MSE estimator of the predictors of the small area means. For
each small area predictor, the proposed MSE estimator generally has the smallest relative bias and the smallest relative
root mean squared error when contamination is present.



Table 1 — Monte Carlo relative biases (RB %) and root relative mean squared error (RRMSE %) for the MSE
estimator of the predictors of small area means (at the median over areas).

(0,0,0) (e,v,0) (e,v,b)
SAE MSE RB RRMSE RB RRMSE RB RRMSE
PR 0.39 11.74 3.33 31.28 34.87 57.09
CCT -2.31 43.41 49.13  195.70 238,50  549.90
EBLUP CCST 0.21 44,96 53.48 221.90 24350 587.80
JHDBOOT -1.28 15.19 -3.48 32.63 12.22 49.27
JNBOOT -1.02 15.60 -5.36 33.02 10.93 48.61
CCT -3.34 56.76 -23.90 48.96 -70.03 71.71
CCST -0.88 57.43 -18.10 89.58 -65.56 81.95
SR SRBOOT 2.77 17.67 -42.14 43.46 -91.44 91.46
JHDBOOT 1.66 15.59 41.42 62.58 -37.65 46.82
JNBOOT 0.97 15.90 -9.21 25.36 -9.33 38.36
CCT 40.75 97.16 4.09 150.40 -46.72  122.00
CCST 42.81 104.80 750 175.80 -43.84  138.80
CCST3 SRBOOT 1.11 18.04 -54.39 55.08 -91.55 91.57
JHDBOOT -0.25 16.61 24.51 85.56 65.38 81.61
JNBOOT -0.56 16.65 6.32 33.08 1.00 44.48
SRBOOT 0.74 17.19 -48.25 49.20 -82.22 82.32
CB JHDBOOT 0.05 15.30 9.41 50.85 40.03 70.02
JNBOOT -0.51 15.68 -3.75 28.32 3.95 41.12

5. APPLICATION: COUNTY CROP AREAS

The data used in this application are taken from Battese et al. (1988). They estimate the acreage of corn and soybeans of
k =12 counties (small areas) of North-Central lowa from Landsat satellite images and observations from n =37

segments obtained from a farm survey. The data include (a) the sample size for each area, n,, (b) the number of acres of

corn, Y;;, for each unit of the sample (as collected in the survey), (c) the number of image pixels classified as corn, X,;,

and soybeans, X,;, for each unit in the sample, and (d) the population mean, )Tli and , )?2“ of each area of pixels
classified as corn or soybeans. For a detailed description of these data, see Battese et al. (1988).

Battese et al. (1988) identified an outlier and deleted it from their study. Sinha and Rao (2009) incorporated this outlier in
their estimation procedure to investigate the influence of this observation on the EBLUP, and also to assess the ability of
their robust method to identify and reduce the influence of this unit on the estimation. These data are of interest to us
because they provide a good example in which the proposed bootstrap MSE estimator for outlier-robust predictors of
small-area means can be applied.

Table 2 presents the square root of the bootstrap MSE estimates (root MSE) of 5 estimation methods for the small-area
predictors SR based on B =1000 bootstrap replications. The results for the proposed bootstrap MSE, JNBOOT, and the
Jiongo et al. (2013) bootstrap estimator, JHDBOOT, are similar for all the crop areas. Note that it is not possible to
calculate the analytical linearization-based MSE estimator CCST of Chambers et al. (2014) for the first three domains
(Cerro Gordo, Hamilton, and Worth) because their sample sizes n, are equal to 1. It can be noted that the standard errors
of the bootstrap of Sinha and Rao (2009), SRBOOT are always higher than the proposed bootstrap, JINBOOT. These
differences decrease when the sample size of the area increases. The standard errors of the two bootstrap procedures tend
to be similar when the sample size of the area is 4 or more. On the other hand, the analytical estimators CCT and CCST
give results that are different from those of the bootstrap MSE estimators, but that are similar to one another (except for
the first three areas where the CCST estimates are not available).



Table 2 — Sinha-Rao predicted hectares of corn with estimated root MSE.

Root MSE
County Sample segments SR predictor CCT CCST SRBOOT JHDBOOT JNBOOT
Cerro Gordo 1 123.7 6.1 n.a. 9.8 7.6 1.7
Hamilton 1 125.3 7.8 n.a. 9.6 1.7 7.3
Worth 1 110.2 19.0 n.a. 9.6 1.7 7.8
Humboldt 2 114.1 7.8 7.8 8.7 7.6 7.2
Franklin 3 140.8 10.6 10.6 7.4 6.5 6.8
Pocanhontas 3 110.8 8.3 8.3 7.5 6.9 6.7
Winnibago 3 115.2 7.1 7.1 7.4 7.2 6.8
Wright 3 122.7 6.2 6.2 7.6 6.9 6.9
Webster 4 113.5 7.5 7.4 6.9 6.5 6.4
Hancock 5 124.1 5.9 5.9 6.4 6.1 6.3
Kossuth 5 109.4 8.1 8.1 6.5 6.1 6.0
Hardin 6 136.9 5.8 5.9 6.3 6.4 6.0

6. CONCLUSION

In this paper, we proposed a new bootstrap estimation procedure for the mean squared errors of robust small area
predictors. This procedure leads to a bootstrap sample with similar behaviour to that of the original sample. This property
was used to establish the asymptotic validity of the proposed bootstrap. We examined the behaviour of the proposed
method through Monte Carlo simulations and compare its performance with five other methods: the bootstrap MSE
estimator of Sinha and Rao (2009), the analytical pseudolinearization MSE estimator and linearization-based MSE
estimator of Chambers et al. (2014), the bootstrap MSE of Jiongo et al. (2013) and the MSE estimator of Prasad and Rao
(1990). The results showed that for all the different robust small-area estimators and all the various modes of
contamination considered, the proposed bootstrap MSE performs satisfactorily well, both in terms of bias and efficiency.
An empirical application using county crops area data from North-Central lowa farms and Landsat satellite images
illustrated the usefulness of the proposed method in practice.
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