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ABSTRACT  
 

 
 
Fractional hot deck imputation, considered in Fuller and Kim (2005), is extended to  multivariate missing data. The joint 
distribution of the study items is nonparametrically estimated using a discrete approximation, where the discrete transformation 
also serves to define imputation cells.  The procedure first estimates the probabilities for the cells  and then imputes real 
observations for missing items. Calibration weighting is used to reduce the imputation variance. Replication variance estimation 
is discussed and results from a limited simulation study  presented.    
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RÉSUMÉ  
 

L’imputation fractionnelle de type hot-deck, considérée dans Fuller et Kim (2005), est généralisée au cas de données manquantes 
multivariées. La distribution conjointe des variables d’intérêt est estimée de manière non paramétrique en utilisant une 
distribution discrète, où la distribution discrète sert également à définir les classes d’imputation. La procédure commence par 
estimer les probabilités pour les classes et impute des observations réelles pour remplacer les valeurs manquantes. Une 
pondération par calage est utilisée afin de réduire la variance due à l’imputation. L’estimation de la variance par des méthodes de 
ré-échantillonnage est discutée et les résultats d’une étude par simulation limitée sont présentés. 
 
MOTS CLÉS : Algorithme EM, la cellule d'imputation, estimation de la variance de la réplication. 

 
 

1. INTRODUCTION  
 
 

Item nonresponse occurs when a sampled unit provides some information but fails to respond to all items. Imputation, 
the substitution of values for missing data, is a very popular technique for handling item nonresponse. Hot deck 
imputation is an imputation procedure in which the value assigned for a missing item is taken from respondents in the 
current sample.Haziza (2009) and Andridge and Little (2010) provide comprehensive overviews of hot deck imputation 
methods in survey sampling. 

Fractional hot deck imputation was proposed by Kalton and Kish (1984) as a way of achieving efficient hot deck 
imputation. Kim and Fuller (2004) and Fuller and Kim (2005) provided a rigorous treatment of fractional hot deck 
imputation and discussed variance estimation. However, their approach is not directly applicable to multivariate missing 
data. Hot deck imputation for multivariate missing data with arbitrary missing pattern is a notoriously difficult problem 
because it is difficult to preserve the covariance structure in the imputed data.  Judkins et al. (2007) proposed an iterative 
hot deck imputation procedure that is closely related to the data augmentation algorithm of Tanner and Wong (1987). 
Judkins et al. (2007) did not provide variance estimators. Other non-hot-deck imputation procedures for multivariate 
missing data include the multiple imputation approach of Raghunathan et al (2001) and parametric fractional imputation 
of Kim (2011). The approaches of Judkins et al. (2007) and Raghunathan et al. (2001) are based on conditionally specified 
models and the imputation methods from the conditionally specified model are subject to the model compatibility problem 
(Chen, 2011). Conditional models for different missing patterns calculated directly from the observed patterns may not be 
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compatible with each other. The parametric fractional imputation of Kim (2011) used the joint density to create imputed 
values, but the imputed values are artificial in that they may not be observed values from the sample. 

In this paper, we discuss extension of fractional hot deck imputation to multivariate missing data such that the 
covariance structures are well preserved and variance estimation is relatively easy. The proposed method is easy to 
understand and easier to implement than existing methods. Refinement of the procedure is required. 

 
 

2. Proposed method 
 
 
2.1 Transformation to integer-valued observations 
 

To discuss multivariate fractional hot deck imputation, suppose that we have a vector of K items, where�� ��Y�� , Y	�, 
 , Y��� is the vector for the i-th individual. We write �Y�,��, Y�,����  to denote the (observed, missing) part of Y 
in unit i. Because missing patterns can be different for different units, it is understood that ��� � ������ � �1,2, 
 , ��. 
Ideally, the imputed values for Y�,��� are generated from the conditional distribution f�y�,���|y�,���. Computation of such 
predictionrequires model specification and parameter estimation for the specified model. Instead of specifying the 
conditional distribution, we will consider the joint distribution without specifying a fully parametric joint model. 

The basic step in the proposed imputation is temporary replacement of the original data by a discrete approximation. 
Each continuous variable is transformed into a discrete variable by dividing the range into a small finite number of 
segments. Let ����denote the discrete version of ���.One simple way of computing the discrete version is to divide the 
range into groups of equal length. Note that, if �� is observed then ��� is observed. 
 
2.2Estimated probabilities 
 

Once the ��� are constructed, we use the observed value ���  to compute the joint probability of ����, ��	 ,
,����. The 
computation of the joint probability can be performed using a modified version of the EM algorithm. To facilitate 
discussion, let K=3. Let each variable have five categories. In practice there will be some categorical variables and those 
variables can have different number of categories. Let the population fraction falling in category rst be  !�". We assume 
that all conditional probabilities are the same for the observed data as for missing data. That is, for example, P�$%�� �&1,$�2�&2$�3�&3� is the same for observed data as for data with �$�1,$�2�missing. Thus, it is possible to estimate the  !�"and the conditional probabilities from the sample observations. We estimate positive probabilities for those cells with 
positive observed probabilities. For a particular missing configuration the conditional probability for each category of 
each missing variable can be computed. For example the probability that a unit with �( missing falls in category t is 

  !�|" �  !�"∑  *�"*�  

 
For an unequal probability sample, the conditional probabilities are computed using the sampling weights. 

In the EM algorithm, the E-step is essentially the same as applying fully efficient fractional imputation (FEFI) of Fuller 
and Kim (2005) using all possible combinations of imputed values. The imputed values for ���,��� are taken from the 
support of �������� where the support of �������� is equal to that for the respondents. Let $%*,������+ , �j � 1, 
 , -�� be the set 

of possible values of ���,������ in the sample. Once the realized values ���,������ are imputed, we can use the idea of EM by 
weighting (Ibrahim, 1990) to compute the fractional weights. The fractional weight assigned to ���,��� � $%*,������+  at the t-
th EM iteration is 

 
 ./ �0�1�+ � 2/1�3/�,456, 3/0,7�6���+ �∑ 2/1�3/�,456, 3/0,7�6���+ �0  

 

(1) 

where  /8�y%�, 
 , y%9� is the current value of the joint probabilities P���� � $%�, 
 , ��� � $%:� evaluated at the t-th EM 
algorithm. If unit i does not have any missing data, then ;/�*�"�+ � 1. Computing fractional weights in (1) corresponds to E-
step of the EM algorithm. Once the FEFI is constructed as above, the M-step is to update the joint probabilities by using 
the weighted average of the FEFI data using fractional weights. That is, 
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  %8<��y%�, 
 , y%:� � => w@@AB CD� > > w@

EF

GH�@AB ;/�*�"�+ IJy%@G�+ � $%�, 
 , y%@G:+ � $%:K  
(2) 
 

 
where w@ is the sampling weight for unit i and y%@G9+  is the j-th imputed value for ��@9. If ��@9is observed, then y%@G9+  is the 
observed value. 
Given the probabilities a “fully efficient” estimator of the mean vector can be computed. Let yLG,MN8 be the mean for 

variable j in cell rst. Then the estimated mean of y is 
 

 OPQ � > > > RLQ,STUUTS VPSTU. (3) 

   
2.3 Imputation 
 

Let y%G@ denote the cell value (1,2,3,4,5) of variable YG for individual i. Let R%@ denote the y-vector for individual i. Let XY 
be the indicator for missingness for observation c, where the j-th element of XY is zero if R%GY is missing. Let R%Z · XY  be the 
element by element product. An observation that has no missing is a potential donor for observation c. Assume 5 values 
are to be imputed for each missing value. If there are 5 or more observations with no missing and 

 
  R%U · X\ �  R%Z · X\  

 
then these observations form the donor set. If not, an additional operation is required to define the donor set. 

Given XY the conditional probabilities for each possible vector of imputed values can be calculated. A set of five donor 
cells is selected with probability proportional to the conditional probability. Then a donor is selected from each of the 
selected cells. 

Given the imputed values the imputed mean for $* is 
 

$L*,��^ � => ;�� CD� > ;�$*� �: > ;�+$*�,��^� .�  

 
Let  $L*,`�` be the estimator of (3). Note that 

 $L*,��^ a $L*,`�` � > ;�+��Abc,def
$*�,��^ a $L*,`�`� 

 
where 
 $L*,`�` � > ;�+�Abc,ghi

$� j > ;�+�Abc,def
$L*,`�` 

 
and $*�,��^  is the mean of imputed values for $*  for element i. Compute the variance of $L*,��^ a $L*,`�`  under the 
assumption that the $*� are a simple random sample. If >klm �$L*,��^ a $L*,`�`�nD�o$L*,��^ a $L*,`�`p	

*  

exceeds, say, the 10 % point of a chi-squared distribution with k degrees of freedom the imputed values are rejected and a 
new set of donors selected. There are alternative rejection criteria that can be considered. 
 
2.4 Fractional weighting 
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Given a set of donors that satisfy the restrictions, the regression procedure can be used to modify the weights to give the 
fully efficient estimator. 

In some cases, the number of fractional imputations for unit i,  -�, can be quite large. In this case, computing all the 
joint probabilities may not be feasible. For example, if there are 100 items in the survey then computing all the joint 
probability is practically impossible. Because the joint probabilities are used to approximate the imputation model (the 
conditional model of missing data given the observed data), we have only to specify the imputation models 
(nonparametrically). The first step is to investigate the missing data patterns and then specify the set of variables needed 
for the imputation model. For example, suppose that we have ���, �	, 
 , ��q� and only four missing patterns: (1) All 
observed, (2) Only �	 missing, (3) Only �� missing, (4) Both ��and �	 missing. In this case, we may have only to specify 
the set of variables that are related with  ���, �	�. Thus, for example, ���, �	, �(, �r, ��q�  might be used to perform the 
FEFI method. The reduced model approach is appealing but there is a danger of having incompatible models when we 
specify different conditional models for many different missing patterns. Tools for model incompatibility may need to be 
developed. In some cases, we can use a log-linear model to fit a sparse model for the joint probability. For example, we 
can fit a sparse model for logJ �*�K to obtain smoothed fractional weights. Such an approach can be used to construct a 
reduced imputation model. 

Once the imputation model is finalized and the imputation size -� is large, we can use the PPS sampling to obtain a 
reduced set of imputed values. Regression weighting can be used to preserve the marginal fractional weights. In the PPS 
sampling, the size measure is proportional to the original fractional weights after accounting for certainty selection. That 
is, we first select the candidates with ;�*+ s 1/- with certainty. 
 
2.5 Fractional imputation 
 

We now discuss how to perform fractional imputation for $�,��� using fractional imputation for $%�,���. Given the value 
of  $%�*,���+ � $%*,���, �j � 1,2, 
 , M�, we can perform a single hot deck imputation from the donor set of observed units 
with the same value of $%*,������. Here, the value of $%*,������ can be used as an imputation cell. If at least one donor is 
identified from the set of fully responding units with $%�,������ � $%�*,������+ , we can use the donor to obtain imputed values $%�*,���+ � $�,������ for missing $�,���. If such a donor is not identified from the set of fully responding units, then we use 
hot deck imputation marginally using the marginal values of $%*,������ (for each item separately). The discrete version 
preserves most of the correlation structure in ��, and the marginal hot deck imputation will perform well if there is no 
systematic variation within categories of ��.  

In summary, if  Y � ���, �	, �(� the proposed fractional imputation method is performed by the following steps: 
 
[Step 1] For each item k, create a transformation of �� into ���, a discrete version of ��. The value of �� will serve the role 
of imputation cell for ��. 
 
[Step 2] Use the estimated joint probability to compute the fractional weights 
 

 ./ �0+ � 2/�3/�,456 ,  3/0,7�6���+ �∑ 2/�3/�,456 ,  3/0,7�6���+ �0  (4) 

 
for fully efficient fractional imputation (FEFI), where j is the j -th realization of the $%������, the missing part of �� for unit 
i. The FEFI assigns fractional weights for all possible combinations of the imputed values for missing $%������. The joint 
probability  % can be estimated by a modified EM algorithm. 
 
[Step 3] Among the possible values of $%������ , select a PPS sample of size M with probability proportional to the 
fractional weights in [Step 2]. The M imputed values of $%������ will have equal initial fractional weights ;�*q+ � 1/-. 
 
[Step 4] Using calibration weighting, create final fractional weights satisfying 
 1v > > ;�;/�*+ I w$x���*� � yz �  %{<<

|
*H��Ab  
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1v > > ;�;/�*+ I w$x�	�*� � }z �  %<�<
|

*H��Ab  

 1v > > ;�;/�*+ I w$x�(�*� � ~z �  %<<�
|

*H��Ab  

 
and 
 ∑ ;/�*+|*H� � 1. 
 
The calibration fractional weights satisfying the above equations can be constructed by the method described in Fuller and 
Kim (2005), where the fractional weights are 
 

 .�0+ � .�0�+ j ��L� a �L��� �> > .�.�0�+ o���0 a �L��p�o���0 a �L��p0� �
D�

.�0�+ o���0 a �L��p. (5) 

 
[Step 5] For each item k, use marginal hot deck imputation selecting from the respondents with the same value of $%�. That 
is, each imputed value of $%� can be used as an imputation cell for hot deck imputation for item k 
 
 

3. Variance estimation  
 
 

We now consider variance estimation for the proposed fractional imputation estimator using a replication method. 
The replication variance estimator of �m� takes the form of 
 

 ������ ���� � > �� w������ a ���z��
�H�  (6) 

 

where L is the number of replicates, c� is the replication factor associated with replication k, and ������ is the k th replicate 

of �m�. If �m� � ∑ $�/���H� , then we can write If ������ � ∑ ;����$���H�  for some replication weights ;����, ;	���, 
 , ;����. For 
example, in the jackknife method, we have L=n, ~� � �� a 1�/� and 
 ;���� � ��� a 1�D� if � � &0 if � � &� 
 
If we use the above jackknife method for If �m� � ∑ $�/���H� , the resulting jackknife estimator in (6) is algebraically 
equivalent to �D��� a 1�D� ∑ �$� a $L��	��H� . 

The replication method for fractional imputation consists of computing a replicated version of joint probability  % , 
denoted by  % ���, and then computing replicated fractional weights. For fractional weights of the form (4), we can use 
 

 ./ �0+��� � 2/����3/�,456 ,  3/0,7�6���+ �∑ 2/����3/�,456 ,  3/0,7�6���+ �0  (7) 

 
to obtain initial replication fractional weights. If the initial fractional weights are modified by a regression weighting 
procedure (5), then the replicated fractional weight can be constructed similarly, using (7) as the initial fractional weights. 
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4. Simulation Study 
 
 
To test our theory, we performed a limited simulation study. In the simulation, we generated �� � ����, �	� , �(��, i �1, 
 , n � 300, from 

 
 �� ~ ���, �� 

 
 �� � � j �� j �� 

 
 �� � � j �.  �� j �.  �� j �� 

 
 
where �� and �� are independently generated from a standard normal distribution truncated outside [-2,2]. For each item k, 
we generated ¡�� ~ ¢£¤�¥¦§§��0.6� independently, for  i � 1, 
 , n, where ¡��=1 if ��� is observed and ¡��=0 otherwise. 
To implement the fractional imputation described above, we used a categorization transformation by dividing the range 

into 5 equal-length segments. Once the categorical transformation is finished, the fully efficient fractional imputation is 
performed using the EM algorithm. Note that we can have 5( � 125 cells for this FEFI method. From the FEFI data, we 
use PPS sampling of size M=5 to obtain an approximate fractional imputation for categorized variables. Once the 
approximate FI is made, we used marginal random hot deck imputation, using the category as the cell for imputation. The 
fractional weights are 1/M. 

We considered five parameters: �� � ª���� , �	 � ª��	� , �( � ª��(� , �« � ¬¤���  1, �	  2�  and �r � ¬¤��	 
3, �( s 3�. Table 1 presents the Monte Carlo mean and variance of the point estimators in the simulation. We used 
B=2,000 Monte Carlo samples to compute the estimates. Table 2 presents the Monte Carlo relative biases for the variance 
estimator, where the relative bias of the variance estimator is computed by dividing the Monte Carlo bias of the variance 
estimator by the Monte Carlo variance of the point estimator. The t-statistics indicate significant bias of the variance 
estimator, but the relative bias is very small. The results show that the proposed fractional imputation and variance 
estimation methods work very well in this simulation setup. 
 
 

Table 1: Monte Carlo results for Point estimation with B=2,000 Monte Carlo samples 
 

Parameter Estimator Mean Variance 
�� Complete Sample 1.00 0.00111 
 Imputed Sample 1.00 0.00169 

�	 Complete Sample 2.00 0.00367 
 Imputed Sample 2.00 0.00556 

�( Complete Sample 3.50 0.00433 
 Imputed Sample 3.50 0.00636 

�« Complete Sample 0.35 0.00077 
 Imputed Sample 0.35 0.00114 

�r Complete Sample 0.49 0.00084 
 Imputed Sample 0.45 0.00147 

 
 

Table 2: Monte Carlo results for Point estimation with B=2,000 Monte Carlo samples 
 

Parameter Rel Bias t-statistics 
l� �m� � 0.091 3.03 
l� �m	 � 0.046 1.39 
l� �m( � 0.092 2.79 
l� �m« � -0.042 -1.34 
l� �mr � -0.084 -2.62 
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5. Appendix 
 
5.1 Description of the EM algorithm 
 

The EM algorithm is used here in a slightly modified way. For each unit i, the conditional probability of ���,��� given 
���,��  is computed using the current estimate of the joint probability  %����, where ∑  %�$%� � 1®% . This is the E-step of the 
EM algorithm. The conditional probability is computed by 
 

 .�0+ � 2/�3/�,456 , 3/�,7�6 � 0�
∑ 2/�3/�,456 , 3/�,7�6 � ��¯�

�H�
 (8) 

 
Here, without loss of generality, we can assume that the support of  $%�,���  is equal to �1,2, 
 , -��. The M-step 

computes the joint probability of particular combination of �� � $%+ by 
 
 

2/o$/+p � �D� > > ;�*+
-�

*H�

�

�H�
I °$/�,¥}� � y%±²N�@�+ , $/�,��� � y%³@N�@�+ ´ 

 
(9) 
 

 
where �y%±²N�@�+ , y%³@N�@�+ � is a partition of $%+ based on the missing pattern of unit i. Thus, equations (8) and (9) form a set of 

iterative computations for the EM algorithm. Thus, we can use 2/�"��$%+�  in (9) to denote the t-th iteration of the 
computation for the joint probability so that (9) becomes 
 
 

2/�"<��o$/+p � �D� > > ;�*�"�+
-�

*H�

�

�H�
I °$/�,¥}� � y%±²N�@�+ , $/�,��� � y%³@N�@�+ ´ 

 
(10) 
 

 
 
 
 

 .�0�1�+ � 2/�1��3/�,456 , 3/�,7�6 � 0�
∑ 2/�1��3/�,456 , 3/�,7�6 � ��¯�

�H�
 (11) 

 
In the classical EM algorithm, the choice of initial fractional weights are ;�*�q�+ � 1/-�. In the modified EM, the initial 

fractional weights are the empirical conditional distribution calculated from the full respondents. 
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